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We study the semiclassical limit of the so-called general modified nonlinear
Schrodinger equation for initial data with Sobolev regularity, before shocks appear¨
in the limit system. The strict hyperbolicity and genuine nonlinearity are proved for
the dispersion limit of the cubic nonlinear case. The limiting transition from the
MNLS equation to the NLS equation is also discussed.  2001 Academic Press
1. INTRODUCTION
In this paper we consider the Cauchy problem with rapidly oscillating
initial data for the general modified nonlinear Schrodinger equation,¨
2  2 2 2        i      i     U    0, 1Ž .Ž . Ž .Ž .t x x2 2
i
   0, x   x  A x exp S x , 2Ž . Ž . Ž . Ž . Ž .0 0 0ž /
Ž  . sŽ . where , U C R ; R , S H R for s large enough, and A is a0 0
function, polynomial in , with coefficients of Sobolev regularity in x. We
Ž . Ž . will study the behavior of solutions of the problem 1  2 as  0 and
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 x , 0 t T , i.e., within an arbitrary finite time T. In the
sequel we will refer to this system as the GMNLS equation. Compared
Ž . Ž .with the NLS equation 3 or 4 below, the present GMNLS equation
includes an additional term, the space derivative nonlinear term
 2Ž Ž   . .i     , which plays an important role when the characteristicx2
length of the variation of the envelope and the wave length of the carrier
wave become of the same order. Thus the features of the steepening of the
envelope and the modulational instabilities are affected significantly by the
additional term except at an early stage of the time evolution. Like the
Ž . Ž .general DNLS equation 5 or DNLS equation 6 , the GDNLS equation
Ž . Ž .1 , 2 does not possess parity and Galilean invariance and therefore the
canonical momentum is not conservative. To obtain the conservation law
of the momentum, we have to introduce the noncanonical momentum
which is indeed the conservative quantity of the GMNLS equation.
Ž .We will also discuss the following examples which are special cases of 1
in this paper.
Ž . Ž .EXAMPLE 1. When  0, Eqs. 1 , 2 become the general nonlinear
Ž .Schrodinger equation GNLS equation¨
2 2 2    i     U    0. 3Ž .Ž .t x2
   2 Ž . Ž .EXAMPLE 2. When  0 and U  , 1 , 2 become
2 2 2    i         0, 4Ž .t x2
Ž .which is known as the defocusing focusing cubic NLS equation.
Ž . Ž .EXAMPLE 3. When U 0, 1 , 2 become
2  2 2    i      i      0, 5Ž .Ž .Ž .t x x2 2
which is known as the general derivative nonlinear Schrodinger equation¨
Ž .general DNLS equation . It is the generalization of the following equa-
tion.
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   2 Ž .EXAMPLE 4. When U 0 and   , 1 becomes the deriva-
Ž .tive nonlinear Schrodinger equation DNLS equation ,¨
2  2 2    i      i     0. 6Ž .Ž .t x x2 2
It is used to describe the nonlinear propagation of magnetosonic wave
trains parallel to the magnetic field in a hot or collisionless ideal plasma
Ž  	.with dispersion due to Hall currents see 8, 22 . The DNLS equation has
some peculiarities; for instance, it is not Galilean invariant, and it has
classical solitons which have an upper bound on the particle number and
Ž .are chiral with a particular sign of the momentum . In this respects, the
DNLS equation differs from the usual NLS equation, although both of
them are classically integrable.
   2    2EXAMPLE 5. When    with  being real and U 
Ž . Ž .then 1 , 2 become
2  2 2 2        i      i        0, 7Ž .Ž .t x x2 2
Žwhich is known as the modified nonlinear Schrodinger equation MNLS¨
.equation . It has been proposed to describe the short-pulse propagation in
a long single-mode optical fiber in consideration of the inherent property
of asymmetric output pulse spectrum. The MNLS equation has been
 	shown to be completely integrable 29 .
Ž . Ž .The GNLS equation 3 or NLS equation 4 is valid only in the case
that the characteristic length of the variation of the envelope is much
Ž . Ž .larger than the wave length of the carrier wave. In contrast to 3 , 4 , the
Ž . Ž .GMNLS equation 1 , 2 is available even in the case where both lengths
Ž . Ž .are comparable to each other. Thus 1 , 2 describes the nonlinear
Ž . Ž .behavior of the modulated Alfven waves more exactly than 3 or 4 .´
Ž . Ž .The semiclassical limit of the GMNLS equation 1  2 is to determine
the limiting dynamics of any function of the field   as  0. However,
Ž .it is not clear directly from 1 what form such a dynamics might take.
Insight into this question can be gained by considering the conservation
laws associated with the GMNLS equation. Recall that the NLS equation,
also well known as the GrossPitaevskiy equation, appears in the phe-
 	nomenological description of superfluidity of an almost ideal Bose gas 11 .
In this case, the squared modulus of the wave function  is interpreted
as the particle number density in the condensate state, while the gradient
of the phase is proportional to the superfluid velocity u 	 arg  . The
similar hydrodynamical interpretation for the decomposition of the quan-
 	tum mechanical wave function was considered by Madelung in 1927 18 ,
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Ž .which applies to the GMNLS equation 1 , too. By decomposing the wave
SŽ . Ž .function  C,  A exp i , in terms of A, S, the model 1 can be
represented as the Madelung fluid
1 1 2  A AS  2 A S    A A  0, 8Ž . Ž .Ž .Ž .t x x x x x2 2
1 1 2 Ax x2 2 2    S S   A S U A  , 9Ž . Ž .Ž . Ž .t x x2 2 2 A
Ž . Ž .which are equivalent to the GMNLS equation 1 . Equation 8 is the
Ž .HamiltonJacobi equation and 8 turns out to be the continuity equation
  2   2for the ‘‘quantum fluid.’’ Introducing two new functions 
 A   ,
u S , we have the systemx
1
 
  
u 
 
   
  0, 10Ž . Ž . Ž .t x ž /2
2 2'1   
x
 u u u   
 u   U 
   . 11Ž . Ž . Ž .Ž .t x x x xž / ž /2 2 '

Ž . Ž .It follows immediately from 10  11 that the momentum  
u satisfies
the differential equation
2 1
     
  
U 
  
  
  
Ž . Ž . Ž .t x x xž /
 2
2
2  
 log 
 , 12Ž .Ž .x x4
Ž .which is not a conservation law except when  
  0. This is due to the
deriatie loss caused by the space derivative nonlinear term
 2 i     .Ž .Ž .x2
Ž .The transport equation 10 also gives
  
    
 u  
 
  
  uŽ . Ž . Ž . Ž .Ž . Ž .t x x
1 2  
  
  0. 13Ž . Ž .Ž .x ž /2
 	As in 2 , we need to introduce the noncanonical momentum
M  
  
u 
 ; 14Ž . Ž . Ž .
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this means that even if the fluid velocity vanishes, i.e., u 0, the flow has
background momentum with characteristic speed. This is the point that
solitons of the DNLS equation have a nontrivial static limit. In the field
theoretical language we can say that the spectrum of excitations has always
Ž .the gap like in superfluidity . We have the local conservation laws associ-
Ž .ated with the GMNLS equation 1
3
 
  M 
   0, 15Ž .t x ž /2
M 3 1
 M  M 
  
Ž .t x ž /
 2 2
21 1 
2  
 
   P 
   
 log 
 ,Ž . Ž . Ž .x x x xž /
 2 4
16Ž .
Ž . Ž . Ž . Ž .where P 
  
U 
 U 
 is the classical pressure. Equation 16 is
Ž . Ž .derived by adding 12 and 13 together. This equation also tells us that
 2Ž Ž   . .the space derivative nonlinear term, i     , not only affects thex2
momentum but also the pressure from the hydrodynamical point of view
Ž . Ž .except when  is a linear function. Indeed we have 
 
  
  0,
1 1 Ž .Ž .	 Ž . Ž .hence  
 
  0. Equations 15 , 16 correspondx 
 2
to the mass and momentum conservation. These densities are related to
Ž .  t, x through
i2 2   
  , M       , 17Ž .Ž .Ž .x x2
where the bar denotes the complex conjugate. The initial conserved
densities are then
  2   2   2
 0, x  A x , M 0, x  A x  S x  A x .Ž . Ž . Ž . Ž . Ž . Ž .Ž .0 0 x 0 0
18Ž .
Ž . Ž .Equations 15  16 comprise a closed system governing 
 and M which
have the form of a perturbation of the modified Euler equations. Arguing
formally, the modified Euler system that describes the formal semiclassical
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Ž Ž . Ž ..limit reduces to formally letting  0 in 15  16
3
 
  M 
   0, 19Ž .t x ž /2
M 3 1
 M  M 
  
Ž .t x ž /
 2 2
1 1
  
 
   P 
  0, 20Ž . Ž . Ž .x xž /
 2
with initial data

 0, x  
 x , M 0, x M x . 21Ž . Ž . Ž . Ž . Ž .0 0
Ž .There are two particular cases which are of interest. First, if  
  0
Ž . Ž .then 1 reduces to the NLS equation 4 and the associated local conser-
Ž . Ž .vation laws 15  16 become
 
   0, 22Ž .t x
2 2
2     P 
   
 log 
 , 23Ž . Ž .Ž .t x x x xž /
 4
with initial data
  2   2
 0, x  A x ,  0, x  A x  S x . 24Ž . Ž . Ž . Ž . Ž . Ž .0 0 x 0
The Euler system that describe the formal semiclassical limit reduces to
 
   0, 25Ž .t x
2
     P 
  0. 26Ž . Ž .t x xž /


 0, x  
 x ,  0, x   x . 27Ž . Ž . Ž . Ž . Ž .0 0
The limiting energy density will be given by
2
E U 
 , 28Ž . Ž .
2

and will satisfy

 E  E P 
  0. 29Ž . Ž .Ž .t x ž /
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For the local smooth solution, the rigorous proof of the semiclassical limit
Ž .  	of the NLS equation 3 was given by Grenier 3, 4 . In particular, for one
Ž .  	space dimension and U 
  
, Jin et al. 5, 6 use the integrability of the
cubic nonlinear Schrodinger equation to establish the semiclassical limit of¨
the one dimensional defocusing cubic nonlinear Schrodinger equation¨
globally in time.
Ž . Ž .Second, when U 0 then 1 becomes the GDNLS equation 5 and
the local conservation laws are given by
3
 
  M 
   0, 30Ž .t x ž /2
M 3 1
 M  M 
  
Ž .t x ž /
 2 2
21 1 
2  
 
   
 log 
 . 31Ž . Ž .Ž .x x xž /
 2 4
The initial conserved densities are then
  2   2   2
 0, x  A x , M 0, x  A x  S x  A x .Ž . Ž . Ž . Ž . Ž . Ž .Ž .0 0 x 0 0
32Ž .
The modified Euler system that describe the formal semiclassical limit
reduces to
3
 
  M 
   0, 33Ž .t x ž /2
M 3 1
 M  M 
  
Ž .t x ž /
 2 2
1 1
  
 
  0. 34Ž . Ž .x ž /
 2
 	The semiclassical limit of the GDNLS equation is studied in 2 .
The modulation instability of the DNLS equation is strongly sensitive to
the sign of the coefficient of the cubic nonlinearity. This condition also
plays an important role in the study of the semiclassical limit. In fact, this
condition can be replaced by the convexity or concavity of the nonlinearity
Ž  	.which is related to the hyperbolicity of the limiting system see 2 . For the
Ž .GMNLS equation 1 this condition can be released to the nonconvex or
Ž .concave case see Remarks 2.1, 2.2 .
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The rest of the paper is organized as follows. In Section 2, we represent
the GMNLS equation as a dispersive perturbation of a symmetric quasilin-
ear hyperbolic system and prove the semiclassical limit by employing the
classical theory of quasilinear hyperbolic systems. Section 3 is devoted to
the cubic nonlinear case. We apply Lax’s theory to prove the strict
hyperbolicity and genuine nonlinearity for the dispersion limit of the
MNLS equation. As a byproduct we also deduce the same results for the
defocusing NLS and DNLS equations. In Section 4, we study the semiclas-
sical limit of the particular MNLS equation which is the perturbation of
 	 Ž .the defocusing 1-D cubic Schrodinger equation 5 . As seen from 7 , it¨
belongs to the class of equations integrable by means of the
 	WadatiKonnoIchikawa spectral problem 29 . In the case when there
Ž .are no vortices uniformly bounded energy as  0 , we show that the
limit of the wave functions satisfies the wave map equation and the
associated phase function solves the classical wave equation after introduc-
ing the Lagrangian coordinates. We also compare this result with the case
of the NLS equation and discuss the transition from the MNLS equation
to the NLS equation.
2. SEMICLASSICAL LIMIT AND WKB EXPANSION
Ž . Ž .The conservation laws 15  16 give insight into the semiclassical limit
Ž .of the GMNLS equation 1 . However, due to the nonlinear dispersive
Ž 2 . 2term,  
 log 
  4, it is still difficult to treat this problem directlyx x
Ž . Ž .  	 Ž  	.from 15  16 . As suggested by Grenier 3, 4 see also 2 , the modified
Madelung’s transformation can be utilized in the study of the semiclassical
limit. More precisely, we will look for solutions   of the form
i
   t , x  A t , x exp S t , x , 35Ž . Ž . Ž . Ž .ž /
where the complex-value function A a ib represents the amplitude
and the real-valued S represents the phase. Here we allow the phase
function S to depend on .
Ž . Ž .Now insert 35 in the GMNLS equation 1 . We obtain
1  1 i2         iA  A S  A  A S  A S  2 A SŽ . Ž .t t x x x x x x x 2 2 2
1 1 i 1 2       UA  A S  A  i A  A  0, 36Ž .x x x 2 2 2
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Ž    2 . Ž    2 . Ž    2 .where U, , and  denote U A ,  A , and  A , respec-
Ž . Ž . Ž .tively. We split 36 into two parts, of order O 1 and O 1 , respectively,
1 12  S  S  S U 0, 37Ž .Ž .t x x2 2
i i i 2         iA  A S  2 A S  A  A  A  A  0.Ž .t x x x x x x x x2 2 2 2
38Ž .
Ž . Ž . Ž . Ž .The expression 37  38 is not the same as 8  9 where we split into the
Ž .real and imaginary parts. The second derivative term the dispersive term
Ž . Ž . Ž . Ž .is highly nonlinear in 8  9 but it is linear in 37  38 . Hence the
classical quasilinear hyperbolic theory can be applied to the semi-classical
limit of the Schrodinger type equation. Considering the change of variable¨
w S and using the fact that A a ib we havex
1 1 1 2 2        a  w   a   a a  b  a w  bŽ . Ž .t x x x xž / x2 2 2 2
39Ž .
1 1 1 2 2        b  w   b   b a  b  b w  aŽ . Ž .t x x x xž / x2 2 2 2
40Ž .
1 1 2 2     w  w   w  w U a  b  0. 41Ž . Ž . Ž .t xž / ž / x2 2
This system can be written in the form
 t       V  A V V  L V , V  a , b , w , 42Ž . Ž . Ž . Ž .t x 2
where
21 1    w   a  a b  aŽ .2 2
2 1 1    A V Ž . a b  w   b  bŽ .2 2 01    a w   2U b w   2U w  Ž . Ž . 2
43Ž .
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and
0  2 0  bax x x
 2 L V   44Ž . Ž .b 0 0 ax x x 0 0  0w0 0 0 0
Ž .is an antisymmetric matrix. The matrix A V can be symmetrized by
2w  4U 0 0
 S V  45Ž . Ž .0 2w   4U 0 00 0 1
which is symmetric and positive if w  2U  0, for all V . Thus, we
Ž .write the GMNLS equation 1 as a linear dispersive perturbation of a
quasilinear symmetric hyperbolic system,
˜ ˜S V V  A V V  L V , 46Ž . Ž . Ž . Ž .t x 2
˜ Ž .where A S A is a symmetric matrix we omit  for convenience . The
 ˜antisymmetric operator L S L reflects the dispersive nature of the2 2
equations. Moreover, the classical energy estimate shows that this term
contributes nothing to the estimate, i.e., the singular perturbation does not
create energy. Therefore, the existence of the classical solutions and its
semiclassical limit proceed along the lines of the classical theory of
Ž  	.quasilinear symmetric hyperbolic systems see 9, 19 with modifications.
Indeed, we have the following theorems.
Ž  . THEOREM 2.1. Let , U C R , R with w   2U  0. Let s 2
1  s  Ž . , for A and  S uniformly bounded in H , solutions  to Eq. 1 exist0 x 02
 	 Ž .on a small time interal 0, T , T independent of . Moreoer,  t, x 
i     sŽ . Ž Ž .. Ž 	 .A t, x exp S t, x with A and S bounded in L 0, T ; H uniformlyx
Ž  .in  and limit points of A , S are solutions of the modified Euler equationx
Ž . Ž .19  21 .
Ž .THEOREM 2.2. Let 
, M be a solution of the quasilinear hyperbolic
Ž . Ž . Ž .system 19  21 the modified Euler equations for 0 t T with initial
condition
  2
 x  
 0, x  A x ,Ž . Ž . Ž .0 0
  2   2M x M 0, x  A x  S x  A x .Ž . Ž . Ž . Ž . Ž .Ž .0 0 x 0 0
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Then there exists a critical alue of ,  , and a constant C 0 such thatc
under the hypothesis
Ž . Ž . s1 A x conerges strongly to A in H as  tends to 00 0
Ž .   s   s2 
  , M  , s
 3H H0 0
Ž .3 0   c
Ž . Ž .the IVP for the GMNLS equation 1  2 has a unique classical solution of
i    Ž . Ž . Ž Ž ..  	the form  t, x  A t, x exp S t, x on 0, T . Moreoer, A and Sx
Ž 	 s.are bounded in L 0, T ; H uniformly in .
The proofs of the above theorems are nearly identical to those given in
 	the semiclassical limit of the DNLS equation 2 ; we therefore omit the
details.
Remark 2.1. The hypothesis w  2U  0 will guarantee the hy-
Ž . Ž .perbolicity of the Euler part of 15  16 . The theorem is true even if U is
not a strictly convex function provided   0. The above theorems also
apply to other Schrodinger type equations. In the case of the NLS¨
Ž . equation 3 ,  0, in this case we replace the hypothesis w   2U
Ž  	. 0 by U  0 see 36 . This means that U must be a strictly convex
function of 
 and corresponds to the defocusing NLS equation. When
Ž . U 0, the GDNLS equation 5 , we require w   0. Hence,  is a
strictly convex or concave function of 
 depending on the sign of fluid
  Ž  	.velocity S  w see 2 .x
Remark 2.2. As mentioned in the Introduction, waves described by the
DNLS equation can be modulationally unstable depending on the sense of
their polarization. Left-hand polarized waves are unstable when the cubic
nonlinearity coefficient is positive, and right-hand polarization polarized
waves are unstable when it is negative. For general nonlinearity we can
replace the above hypothesis by w  2U  0 for the GMNLS equa-
tion and w  0 for the GDNLS equation.
Ž .THEOREM 2.3 WKB Expansion . Under the assumption of Theorem 2.1,
Ž .suppose the initial amplitude A x admits the expansion0
N
 Ž .  in NA x  A x   R x ,   , 47Ž . Ž . Ž . Ž .Ý0 0 N
0
where
 in  lim R x ,   0 48Ž . Ž .HN
0
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1for NN and  2 N 2 . Then the solution of the GMNLS equation2
Ž . Ž .1  2 can be represented as
i
   t , x  A t , x exp S t , xŽ . Ž . Ž .ž /
N i
Ž .  N A t , x  exp S t , x  R t , x ,   , 49Ž . Ž . Ž . Ž .Ý Nž /0
where
  2 Nlim R t , x ,   0,  0. 50Ž . Ž .CŽ0, T 	 ; H .N
0
We can represent the WKB expansion of the wave function  in terms
of the hydrodynamics variable. The asymptotic expansion for V  is given
by
V  V Ž0. V Ž1. 2V Ž2.  , 51Ž .
Ž . Ž Ž . Ž . Ž .. twhere V  a , b , w ,  0, 1, 2, . . . . The essential mechanism
driving the GMNLS equation to hydrodynamics in the semiclassical limit is
Ž .the hyperbolicity of the dispersion limit system corresponding to 1 .
Hence the dispersion has no contribution for the zeroth order term and
Ž0. Ž0. Ž0. Ž Ž0. Ž0..a and b satisfy the same equation. Therefore V  A , w solves
the quasilinear symmetric hyperbolic system
1 1
Ž0. Ž0. Ž0. Ž0. Ž0. Ž0. Ž0. A  w  A  A  w    A  0 52Ž .t x x x ž /2 2
1
Ž0. Ž0. Ž0. Ž0. Ž0. Ž0. w  w  w    w U  0 53Ž .t x x ž /2
with initial condition
AŽ0. 0, x  lim A x , w Ž0. 0, x   S x , 54Ž . Ž . Ž . Ž . Ž .0 x 0
0
where
Ž0.  Ž0.  2 Ž0.  Ž0.  2  A , U U A . 55Ž .Ž . Ž .
The first-order correction V Ž1. is the unique solution of the linear symmet-
ric hyperbolic system
V Ž1. A V Ž0. V Ž1. F Ž1. 56Ž . Ž .t x
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with initial condition
V  0, x  V Ž0. 0, xŽ . Ž .
Ž1.V 0, x  lim , 57Ž . Ž .
0
where
1
Ž1. Ž0. Ž0. Ž0.F  L V  A V V . 58Ž . Ž . Ž .x2
The higher-order correction V Ž N . satisfies a similar linear symmetric
Ž .hyperbolic system as 56 with coefficients and inhomogeneous terms
depending upon V Ž ., 1 N 1.
Ž . Ž .It is clear that as U tends to 0 then A V converges to A V givend
by
21 1    w   a  a b  aŽ .2 2
2 1 1    A V Ž . a b  w   b  bd Ž .2 2 01    a w  b w  w  2
59Ž .
Ž .and 42 becomes the dispersive perturbation of the quasilinear hyperbolic
Ž . Ž .system which is equivalent to the GDNLS equation 5 . The matrix A Vd
can be symmetrized by
2w 0 0
 S V  60Ž . Ž .0 2w  0d  00 0 1
which is symmetric and positive if w  0, for all V. For further
 ˆ reference, we ignore the superscripts  and consider V C , V C
satisfying

V  A V V  L V , V 0, x  V x , 61Ž . Ž . Ž . Ž . Ž .t x 02
ˆ ˆ ˆ ˆ ˆ ˆV  A V V  L V , V 0, x  V x . 62Ž . Ž . Ž .Ž . Ž .t d x 02
To understand the relation between the solutions of these two equations
Ž .we decompose A V into
A V  A V C V , 63Ž . Ž . Ž . Ž .d
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where
0 0 0
C V  . 64Ž . Ž .0 0 0ž /2 aU 2bU 0
It is clear that
 C  0 as U 0. 65Ž .
˜ ˆŽ . Ž .We consider the difference of 61 and 62 . Setting V V V then we
have
˜ ˜ ˆ ˆ ˜ ˜V  A V V  H V , V V V L V C V V 66Ž . Ž . Ž .Ž . Ž .t d x x x2
with initial data
˜ ˆV 0, x  V 0, x  V 0, x , 67Ž . Ž . Ž . Ž .
where
1ˆ ˆH V , V  	A 1  V V d . 68Ž . Ž .Ž . Ž .H d
0
Ž .Using the fact that L is antisymmetric and 65 we deduce from the
Friedrich energy estimate that
ˆ ˆ   V t , x  V t , x  0 if V x  V x  0. 69Ž . Ž . Ž . Ž . Ž .0 0
Ž .Similarly we can also derive the relation between the GMNLS equation 1
Ž .and the GNLS equation 2 .
3. HYPERBOLIC NATURE OF THE SEMICLASSICAL LIMIT
In this section we will consider the modified NLS equation
2 i 2 2 2        i           1    0, 70Ž .Ž . Ž .t x x2 2
where the term with the real parameter  governs the effect of the Kerr
nonlinearity dispersion. For brevity we suppress the superscript  of 
 ,
, and M . In this case
1 22 2 
  
 , M  
 , U 
  
 1 71Ž . Ž . Ž . Ž .
2
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Ž . Ž .and 15  16 becomes

2 
  M 
  0, 72Ž .t x ž /2
M 2 
 2 2
2 M   
M   
 log 
 . 73Ž .Ž .t x x xž /
 2 4
The energy is decomposed into classical, noncanonical, and quantum parts,
respectively. Each part propagates according to
2 2M 1 M 1 1 M2 2 2  
 1    
 1  
  1 Ž . Ž . Ž .t xž / ž /2
 2 2
 2 2 

M 2 
 3 
 2 M 2 2 M
2       
  
 log 
 , 74Ž .Ž .x x x xž /2 3 2 2
 4 

3 
 3 M 2 2
2 2 2 
M   M  
 M   
 
 
 log 
Ž . Ž .t x x x xž /2 3 
 4
75Ž .
and

 2 
 2 M  5x x 2      
  

t x x x x xž /ž / ž /2
 
 
 2 2

 M 
 M M x x x x 2 2     
 log 
  
 
 log 
 ,Ž . Ž .x x x x xž /
 
 
 2
76Ž .
respectively. Therefore the local conservation law of energy is derived by
 2Ž Ž Ž ...74 75 76 ,2 4
M 5  
 3 
 2
2 2 E  E  P   M  
 M Ž .t x 1 x ž /ž /
 4 2 2 2
2 5 2 
 M 
 Mx x x x2  
  

    , 77Ž .x x x x xž / ž /8 2 4 
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1 2Ž . Ž .where P 
  
  1 and2
M 2 1  2 
 2x2E E  E  E   
 1  
M  . 78Ž . Ž .1 2 3 ž /2
 2 2 4 2

The crossing term E  
M comes from the first order space derivative2 2
nonlinear term. Arguing formally, the modified Euler system that de-
Žscribes the formal semiclassical limit reduces to formally letting  0 in
Ž . Ž ..72  73

2 
  M 
  0, 79Ž .t x ž /2
M 2 
 2
 M   
M  0 80Ž .t x ž /
 2
with the initial condition

 0, x  A2 x , M 0, x  A2 x S x  A4 x . 81Ž . Ž . Ž . Ž . Ž . Ž . Ž .x
Ž .The energy equation 77 becomes
M 2  1 2
  
M 
 1Ž .t ž /2
 2 2
M 2 1 1 M2 2   
 1  
  1 Ž . Ž .x ž /ž /2
 2 2 

5  
 3 
 2
2 2  M  
 M   0. 82Ž .x ž /4 2 3 2
Ž . Ž .Riemann invariants for the modified Euler system 79  80 are given by
M 'R   1   
 83Ž . ( 

and the system can be placed in the Riemann invariant form
1 3 1
2 2 R  R  R  1  R  0, 84Ž .t    x ž / 4 4
1 1 3
2 2 R  R  R  1  R  0. 85Ž .t    x ž / 4 4
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Ž . Ž .THEOREM 3.1. The break-time t for 79  80 can be estimated in theb
following way,
 4t min t , t ,b , b , b
where
t  inf t : G t , x  0 ,   x : sgn    R x  0 4  4Ž . Ž ., b  0  0 x  0
x 0 
with
3  R xŽ .x 
G  1  2 22 'R x  R xŽ . Ž . 
t 2 2'	 R  , x  R  , x   R  , x  dŽ . Ž . Ž .Ž . Ž . Ž .H      
0
Ž .and the particle path x  x t satisfies the differential equation 
dx 1 1 2 2 2 R t , x  R t , x  R t , x  1 ,Ž . Ž . Ž .     dt 2 4
x 0  x .Ž .
Ž Proof. The break-time t can be estimated by Lax’s recipe see 12,b
	. Ž .19 . We start from the Riemann invariant form 84 ,
1 3 1

 2 2R   R  R  R  1  R  0, 86Ž . t    x ž / 4 4
where  denotes the differentiation in the characteristic direction
dx 1 3 1 2 2t   t , x t  R  R  1 t , x t .Ž . Ž . Ž .Ž . Ž .    ž /dt  4 4
Similarly,
1 1 3
2 2R˙   R  R  R  1  R  0, 87Ž . t    x ž / 4 4
where the dot  denotes the differentiation in the characteristic direction
dx 1 1 3 2 2t   t , x t  R  R  1 t , x t .Ž . Ž . Ž .Ž . Ž .    ž /dt  4 4
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Ž .Differentiate 86 with respect to x and set Z   R . We have x 
1 3 1 1 3 1
2 2 2 Z  Z R  Z R  R  R  R  1  Z  0.t      x    x ž / ž / 2 2  4 4
88Ž .
Ž .From 86 we deduce that
1 3 1

 2 2R   R  R  R  1  R t    x ž / 4 4
hence
2R

 R  . 89Ž .x  2 2R  R 
Ž .Substituting this relation into 88 we obtain
R R
 3 
 2Z  Z  R Z  0. 90Ž .   2 2 2R  R 

 12 2 2Ž . Ž . Ž . Ž ŽLet h h R , R satisfy h R R  R  R , h log 1 R       2
2 h 2 2.. Ž . 'R , for example. Then multiplying 90 by e  1 R  R and using  
the abbreviation
 R 3 3x h h 2 2'q  e Z  , k  R e  R R  R , 91Ž .      2 2 2 2'R  R 
we obtain the standard Riccati equation
q
  k q2 0. 92Ž .  
Ž .The solution of 92 is given by
q0 0q t , x  , q  q 0, x 0 93Ž . Ž . Ž .Ž .  01 q K tŽ . 
where
t
K t  k  , x  dŽ . Ž .Ž .H  
0
3 t 2 2' R  , x  R  , x   R  , x  d 94Ž . Ž . Ž . Ž .Ž . Ž . Ž .H      2 0
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the integration along the  -characteristic. The sign of the function
Ž .t q K t is important for the formation of singularity. For  0, at0
Ž Ž .. Ž . Ž .initial time if  R 0, x 0   R x  0, i.e., q  0 then q t, xx  x  0 0 
must become unbounded in finite time. Similarly, for   0 if
Ž Ž .. Ž . Ž . R 0, x 0   R x  0, i.e., q  0 then q t, x must becomex  x  0 0 
Ž .unbounded in finite time. This means that q t, x must blow up at some
Ž .later time t, where 1 q K t  0. Therefore, the break t can be0 b
estimated by the following rules. Let t satisfy, b
t  inf t : G t , x  0 ,  x : sgn    R x  0 4  4Ž . Ž ., b  0 0 x  0
x 0
where
3  R xŽ .x 
G  1  2 22 'R x  R xŽ . Ž . 
t 2 2'	 R  , x  R  , x   R  , x  d .Ž . Ž . Ž .Ž . Ž . Ž .H      
0
Ž . Ž .The particle path x  x t satisfies x 0  x and  
dx 1 1 2 2 2t  R t , x t  R t , x t  R t , x t  1 .Ž . Ž . Ž . Ž .Ž . Ž . Ž .     dt 2 4
Similarly, we can also estimate t by considering the  -characteristic., b 
The limit conserved densities can be described by the Riemann invari-
ants.
PROPOSITION 3.1. For 0 t t , the limiting densities are gien byb
1 221  
 w L lim   R  R ,Ž . 240
i 21      M w L lim        Ž .x xž /20
1 2 2 R  R  1 R  RŽ . Ž .   316
uniformly on compact subsets of t. Hence, the classical momentum is gien by
i 1 21     w L lim       R  R 4R R  1 .Ž . Ž .Ž .x x    32 160
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Remark 3.1. Using the strict convexity of the energy density and the
 	 1conservation of energy, it is shown in 5, 6 that the weak L convergencel oc
turns out to be the strong L1 limit.l oc
For the DNLS equation
2 2 2    i      i     0, 95Ž .Ž .t x x2
the limiting system becomes

 2
 
  M   0, 96Ž .t x ž /2
M 2
 M   
M  0. 97Ž .t x ž /

The energy equation is
M 2  M 2 
 2 M
  
M    t xž / ž /ž /2
 2 2
 2 

5  
 3
2 2  M  
 M  0. 98Ž .x ž /4 2 2
Ž . Ž .The Riemann invariants for the modified Euler system 96  97 are given
by
M 'R    
 99Ž . ( 

and the system can be placed in the Riemann invariant form
1 3 1
2 2 R  R  R  R  0, 100Ž .t    x ž / 4 4
1 1 3
2 2 R  R  R  R  0. 101Ž .t    x ž / 4 4
Ž  	. Ž . Ž .THEOREM 3.2 DNLS Equation 2 . The break-time t for 96  97 canb
be estimated in the following way,
 4t min t , t ,b , b , b
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where
t  inf t : G t , x  0 ,   x : sgn    R x  0 4  4Ž . Ž ., b  0  0 x  0
x 0 
with
3  R xŽ .x 
G  1  2 22 'R x  R xŽ . Ž . 
t 2 2'	 R  , x  R  , x   R  , x  dŽ . Ž . Ž .Ž . Ž . Ž .H      
0
Ž .and the particle path x  x t satisfies the differential equation 
dx 1 1 2 2 2 R t , x  R t , x  R t , x , x 0  x .Ž . Ž . Ž . Ž .      dt 2 4
ŽPROPOSITION 3.2. For 0 t t , the limit consered densities densityb
.and noncanonical momentum are gien respectiely gien by
1 221  
 w L lim   R  R ,Ž . 240
i 1 221      2 2 M w L lim          R  RŽ .Ž .x x  3ž /2 160
uniformly on compact subsets of t. Hence, the canonical momentum is gien
by
i
1     w L lim     Ž .x x20
1 2 2 R  R R  R  1 .Ž . Ž .   316
4. THE TRANSITION TO THE NLS EQUATION
In this section, we consider the semiclassical limit of the MNLS equa-
Ž .tion 70 . For convenience, we relabel it as
2 i 2 2 2        i           1    0. 102Ž .Ž . Ž .t x x2 2
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When  0, the NLS equation, this problem has been studied by Colin
 	 Žand Soyeur 1 in the case when there are no vortices uniformly bounded
.energy as  0 . In two space dimensions, when there are vortices, it is
 	treated by Lin and Xin 17 .
Ž .The conserved densities of MNLS equation 102 are related to the wave
function   through
2    
      , 103Ž .
i2 2          M               , 104Ž .Ž .x x2
22 2  M 1   
Ž .2 x   E   
  1  
 M   . 105Ž .Ž . 2 2 42
 2

The mass and noncanonical momentum densities determine the field  up
to a constant phase. Therefore the energy density can be rewritten as
1  222 2 6 2        E       1  Ž .x 2 2
3 i2               C , 106Ž .Ž .x x2 2
where the constant is also taken into account. We will consider the case
Ž  . Ž .when 
 ,  is near the constant state 1, 0 . Then the noncanonical
momentum, M   , means that even the fluid velocity vanishes, and the
flow still has a background momentum with characteristic speed. Under
the above assumption we can choose the initial data such that
1  222 2 6 2        E       1    1Ž . Ž .x 2 2
3 i2              . 107Ž .Ž .x x2 2
Ž 2 .We will assume the initial energy is of order O  ; then the conservation
of energy can be recast as
22 6 2    1   1    12   H x 2ž /2  2 
3 i2             dx C constant. 108Ž .Ž .x x2 2
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Ž .The conservation of mass 19 can be recast as
   2    2   1     1 
  W  0, 109Ž .ž / ž / t  2  x   x
where
i
    W       . 110Ž .Ž .x x2
Recall the hypothesis of Theorem 2.1, w U  0. This implies the
23 i      Ž .nonnegativity of        . We can combine this prop-x x2 2
Ž .erty with the conservation of energy 108 to conclude
22 6 2       1    1Ž .2     dx C. 111Ž .H x 2 222 
Ž .It follows from 111 that
   	 1 is bounded in L 0, T ; H , 112Ž .Ž .
   	 1 is bounded in L 0, T ; H , 113Ž .Ž .t
   2  1
 2 	is bounded in L 0, T ; L , 114Ž .Ž .

and
   2 2  1 strongly in L and a.e. 115Ž .
Ž . Ž .Now, by classical compactness arguments, we deduce from 112  113 the
 4 Ž .existence of a subsequence of  always denoted by  such that
  	 2   strongly in C 0, T ; L , 116Ž .Ž .
   	 1 pi169  weakly in L 0, T ; H . 117Ž .Ž .
We introduce the Lagrangian coordinates

 t ,  x t . 118Ž .
2
Ž .Then 109 becomes
   2   1
  W  0. 119Ž .ž / 
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Ž . Ž .Furthermore, from Eqs. 114 and 119 we also have
   2   1
pi169  W  d 120Ž . Ž .H h 0
dx in the sense of distributions. The integral is along the characteristic  .dt 2
Ž . Ž .    2Therefore, by 116  117 and using that fact that   1 a.e., as 
Ž .tends to zero in 102 we have

i  i   W  d 0, 121Ž . Ž .Ht x 2 0
or

i   W  d 0. 122Ž . Ž .H 
0
  Ž .Since   1, 122 becomes
  2   2        . 123Ž .ž /   
  i Ž Ž ..Using the fact   1 again, write  e showing by 122

   d 0 124Ž .H 
0
or
    0. 125Ž . 
Therefore we prove the following theorem.
 Ž 	 2 . THEOREM 4.1. We hae    strongly in C 0, T ; L , and  pi169 
Ž 	 1.weakly in L 0, T ; H , where  satisfies
  2   2       ž /   
or equialently  ei with phase function  satisfying the wae equation
    0. 
Remark 4.1. When  0, the NLS equation, the uniformly bounded
 	energy is good enough for the semiclassical limit 1 . We don’t need to
require the well-prepared initial data. However, for the GMNLS equation
   2 0, the nonlinear term   also contributes the potential energy.
ŽTherefore the interaction between different nonlinear terms reaction
. Žterms is much more involved and makes the limiting process depending
.on the initial conditions complicated.
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Ž .Remark 4.2. In particular O  , say  , for example. Then˜
the conservation of energy becomes
22 2 1   1 ˜2 6       H x ž /2  2
3 i˜ 2             dx C. 126Ž .Ž .x x2 2
Since H 1 L6, the L6 bound can be replaced by H 1 bound. Using the
23 i˜       Ž .nonnegativity of        again we can also deduce thex x2 2
same result even for not well-prepared initial data.
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